Instability of the BCS Type Pairing in Magnetic Field Due to the Rashba Spin-Orbit Interaction and Supercurrent Generation by Spin-Twisting Itinerant Motion of Electrons in BCS Superconductors by Koizumi Hiroyasu et al.
Instability of the BCS Type Pairing in
Magnetic Field Due to the Rashba Spin-Orbit
Interaction and Supercurrent Generation by
Spin-Twisting Itinerant Motion of Electrons in
BCS Superconductors
著者 Koizumi Hiroyasu, Tachiki Masashi
journal or
publication title
Journal of superconductivity and novel
magnetism 
volume 28
number 8
page range 2267-2273
year 2015-08
権利 (C) Springer Science+Business Media New York
2015. The final publication is available at
link.springer.com
URL http://hdl.handle.net/2241/00126599
doi: 10.1007/s10948-015-3034-5
Instability of the BCS type pairing in magnetic eld due to the
Rashba spin-orbit interaction and supercurrent generation by
spin-twisting itinerant motion of electrons in BCS
superconductors
Hiroyasu Koizumi
Division of Materials Science, University of Tsukuba,Tsukuba, Ibaraki 305-8573, Japan
Masashi Tachiki
Department of Physics, Tohoku University, Sendai, Miyagi 980-8578, Japan
(Dated: June 1, 2015)
Abstract
In a uniform magnetic eld, the BCS type pairing is taken over by the pairing of spin-twisting
itinerant motion states due to the Rashba spin-orbit interaction. It gives rise to stable eddy
currents forced to ow by the single-valued requirement of the wave function. They are stabilized
by the energy gap of the electron pairing and protected by topological winding numbers of the
wave function for the spin-twisting itinerant motion. The supercurrent is generated by a collection
of such eddy currents.
PACS numbers: 74.20.-z,74.20.Fg,74.72.-h
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The BCS theory succeeded in explaining the superconducting phase transition as an en-
ergy gap creation by the electron pairing (or the Cooper pair formation), and the transition
temperature Tc was identied as this energy gap formation temperature [1]. Supercur-
rent related phenomena have been well-described by the Ginzburg-Landau theory [2], and
the connection between the BCS theory and the Ginzburg-Landau theory was provided by
Gor'kov [3]; therefore, it had been believed that the BCS theory was a complete theory of
superconductivity. The Josephson's prediction and its observation reinforced this belief [4].
The comfortable agreement between theory and experiment in superconductivity was
upset by the discovery of the high temperature superconductivity in the cuprate [5]. The
cuprate superconductivity shows marked deviations from the BCS theory. Especially, Tc
is not determined as the energy gap creation temperature, but argued to be given as the
stabilization temperature of coherence-length-sized persistent loop currents [6]. In order to
explain the cuprate superconductivity, a new supercurrent generation mechanism in which
the coherence-length-sized persistent loop current is the protagonist of superconductivity
has been proposed [7{11].
In the new supercurrent generation mechanism, the superconducting wave function is
given in the following form
	(r(1);    ; r(N)) = 	0(r(1);    ; r(N))e  i2
PN
=1 (r
()) (1)
where r(j) is the coordinate of the jth electron and N is the total number of electrons.
	0 is a currentless multi-valued wave function, where the multi-valuedness arises from the
spin-twisting of the itinerant electrons. The phase factor e 
i
2
PN
=1 (r
()) arises to impose the
single-valued requirement of the total wave function [9, 10]. The single-valued requirement
of the wave function is one of the postulates imposed by Schrodinger to evaluate hydrogen
atomic spectrum [12]. It is known from the dynamical Jahn-Teller problem that if the same
postulate is applied to the multi-component wave function system, a zero point circular
motion becomes possible [13]. In the new supercurrent generation mechanism, the multi-
component is supplied by the spin-degree-of-freedom, and the zero point circular motion
gives rise to a stable eddy current.
The ac Josephson frequency was re-derived using the new mechanism [7, 10]. It explained
the eect very well; besides, it revealed surprising facts: rst, it was noted that the actual
experiment employed a dierent boundary condition from the one assumed by Josephson
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[11]; in the actual experiment, a dc current is fed, while such a current feeding was not con-
sidered in the Josephson's prediction. Second, the predicted ac current across the Josephson
junction, Js = Jc sin
2eV
h
t (Jc is a critical current, e is the absolute value of electron charge,
h is Planck's constant divided by 2, V is a dc voltage across the junction, and t is time),
has never been observed [14{18], although text books state otherwise [19{21]. Third, the
re-derivation performed using the actual experimental boundary condition indicates that
the supercurrent carrier charge is  e contrary to the Josephson's assumption  2e [7, 10].
The above results suggest that the currently-accepted supercurrent generation mechanism
may be wrong. Actually, when the BCS theory was rst appeared, whether the BCS theory
really explained the persistent current generation was questioned since the explanation of
the Meissner eect was not done in a gauge invariant manner. This problem was taken up
by many researchers and believed to be solved [22, 23]. However, the solution employs a
formalism that does not conserve the particle number and utilizes phases that violates the
superselection rule for charge [24, 25]; apparently, this solution is not applicable to isolated
superconductors since the particle number is conserved in them. It is also noteworthy that
Gor'kov's connection between the BCS theory and the Ginzburg-Landau theory requires the
violation of the particle number conservation [3].
In the present work, we show that the new supercurrent generation mechanism by the
spin-twisting itinerant motion of electrons is also applicable to the BCS superconductor.
The spin-twisting itinerant motion of electrons required for the new supercurrent generation
mechanism is realized by the Rashba spin-orbit interaction, which is eective even if the
interaction is very weak.
Let us start with the BCS variational state vector. In the BCS ground state the pairing
occurs between (k; ") and ( k; #), and the state vector is given by 'k = 1pV eikrji, where
ji is the spin state vector with  =" or #, V is the volume of the system, and r is the
spatial coordinate. Using the creation operators cyk for 'k, the BCS state vector is given
by jBCSi =Qk(uk + vkcyk"cy k#)jvaci, where uk and vk are real variational parameters that
satisfy u2k + v
2
k = 1 [1]. This particle number non-xed state vector facilitates calculations
involving the electron pair-correlation that yields an energy gap in single-particle excitations.
It is known that the particle number distribution has a sharp peak at the mean-value N ,
thus, the obtained wave function can be practically regarded as that for a state with N
particles. We take this view through out.
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In the following, we add the Rashba spin-orbit interaction, Hso = E
em  (  p^) to the
BCS theory, where  is the spin-orbit coupling parameter, Eem is the electric eld,  is the
vector of Pauli matrices, and p^ is the momentum operator [26]. By taking the electric eld
in the z direction, Eem = (0; 0; Eem), Hso is written as
Hcylso = Eem
h
e i

@
@
  i

@
@

j "ih# j
 ei

@
@
+
i

@
@

j #ih" j
i
; (2)
where  and  are cylindrical coordinates related to the x and y coordinates as x =  cos
and y =  sin, respectively.
First, we examine a cylindrical symmetry system with a harmonic oscillator potential in
the x-y plane. By adding the harmonic oscillator potential, the zeroth order single particle
Hamiltonian is given by
Hcyl0 = 
1
2m

@2
@2
+
1

@
@
+
1
2
@2
@2
+
@2
@z2

+
1
2
m!20
2; (3)
where m is the eective mass of electron. Here, h is taken to be unity. We may consider !0
as a parameter that controls the connement of electrons around the z axis. The eigenvalues
for Hcyl0 are E
0
nmkz
= k
2
z
2m+!0(2n + jmj + 1), where n is a non-negative integer and m is an
integer, and their eigenfunctions are
'nmkz(; ; z) = Nnjmj(m
!02)
jmj
2 L
jmj
n+jmj(m
!02)
e m
!02
2 eimeikzzji; (4)
where L
jmj
n+jmj is the associated Laguerre polynomial and Nnjmj the normalization constant.
We adopt the periodic boundary condition in the z direction, thus, kz is given by kz =
2
L
nz,
where nz is integer and L is the period.
By following the BCS theory, we consider the electron pairing between 'nmkz" and its
time-reversal partner 'n m kz#. Then, the BCS type state vector is given by
jBCScyli=
Y
nm;kz
(unmkz+vnmkzc
y
nmkz"c
y
n m kz#)jvaci; (5)
where cynmkz" and c
y
n m kz# denote the creation operators for 'nmkz" and 'n m kz#, respec-
tively.
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Now we incorporate the Rashba spin-orbit interaction Hcylso as a perturbation. By follow-
ing our previous work [11], it is expected that the pairing of 'anmkz and '
b
n m kz will yield
a lower total energy than the pairing in Eq. (5), where 'anmkz and '
b
nmkz
are dened as
'anmkz(; ; z) =
ei(m+kzz)Rnjm+j()p
2L
e
  i
2
a
p
2

e 
i
2
j "i+ e i2j #i

'bnmkz(; ; z) =
ei(m+kzz)Rnjm+j()p
2L
e
  i
2
b
p
2

 e  i2j "i+ e i2j #i

:
(6)
The radial function Rnjm+j() is dened as follows,
Rnjm+j() =
s
2m!0n!
[ (n+ jm+ j+ 1)]3 (m
!02)
jm+j
2
 Ljm+jn+jm+j(m!02)e 
m!02
2 : (7)
It is normalized as
R1
0
dRnjm+j()Rn0jm+j() = nn0 . The value of  will be specied,
later.
The phases a and b are introduced to impose the single-valued requirement on 'anmkz
and 'bnmkz . The winding numbers of 
a and b around the z axis must be odd since the
winding number of spin-twisting around z axis is odd since the sum of the two winding
numbers must be even [11].
We split a and b as follows;
a = + 0; b =   0 (8)
Then, the part of the phase factor e i

2 in 'anmkz and '
b
nmkz
can be put into the whole system
motion part of the wave function in Eq. (1). We only consider the contribution from the
phase factors ei
0
2 for a while.
The spin-densities of the above wave functions are calculated as
('anmkz)
s^x'anmkz =  ('bnmkz)s^x'bnmkz=
R2njm+j() cos
2L
('anmkz)
s^y'anmkz =  ('bnmkz)s^y'bnmkz=
R2njm+j() sin
2L
('anmkz)
s^z'anmkz = ('
b
nmkz)
s^z'bnmkz=0 (9)
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where s^t is the t component of the spin operator. This shows that 'anmkz has spin-density in
the direction (x; y; z) = (cos; sin; 0) and 'bnmkz has it in the opposite direction.
The current-density of 'tnmkz , (t = a; b ), in the  direction is calculated as
('tnmkz)
 q
mi
@
@
'tnmkz=
q
m

m  1
2
@t
@

R2njm+j()
2L
: (10)
The current density carried by the 'anmkz and '
b
n m kz pair is, thus, given by
jcylpair =  
q
2m
@(a + b)
@
R2njm+j()
2L
: (11)
The spin-orbit interaction energy densities for 'anmkz and '
b
nmkz
are calculated as
('anmkz)
Hcylso '
a
nmkz =

m

  1
2
@a
@

EemR
2
njm+j()
2L
(12)
('bnmkz)
Hcylso '
b
nmkz =  

m

  1
2
@b
@

EemR
2
njm+j()
2L
:
The spin-orbit interaction energy density for the pair 'anmkz and '
b
n m kz is given by
hcylso;m = Eem
h2m

  1
2
@(a   b)
@
iR2njm+j()
2L
: (13)
For simplicity, we consider the case where 0 is an integral multiple of . This leads to
d(a   b)
d
= 2
d0
d
= 2; (14)
where  is an integer. The spin-orbit interaction energy density for the pair 'anmkz and
'bn m kz is now given by
hcylso;m = Eem
2m  

R2njm+j()
2L
: (15)
The kinetic energy density for 'anmkz and '
b
n m kz are equal, given by
('anmkz)
Hcyl0 '
a
nmkz =
Rnjm+j()
2m
h
(m!0)22 (16)
  @
2
@2
  1

@
@
+
1
2
m  
2
2 + 1
4

+ k2z
iRnjm+j()
2L
A sensible choice for  is  =  =2; then, the kinetic energy density for 'anmkz and
'bn m kz are given byh
!0

2n+
m  
2
+ 1+ 1
8m2
+ k2z
iR2njm  
2
j()
2L
: (17)
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Now we consider the total electronic state. By ansatz use the following BCS type state
vector,
jgBCScyli= Y
nm;kz
(unmkz+vnmkza
y
nmkz
byn m kz)jvaci; (18)
where aynmkz and b
y
n m kz denote the creation operators for '
a
nmkz
and 'bn m kz , respectively.
Note that we keep unmkz and vnmkz appearing in Eq. (5) for simplicity without optimization.
The value of  will be optimized.
Let us calculate the energy dierence between the ordinary pairing state, jBCScyli, and
spin-twisting-itinerant-motion pairing state, jgBCScyli by assuming that the pairing interac-
tion energy is the same for both. The total energy increase by the modication of the pairing
states is calculated as
Ecyl
X
n;m;kz
v2nmkz
h 1
8m
Z 1
0
d

R2njm 
2
j() Eem

Z 1
0
dR2njm  
2
j()
i
+
X
n;m;kz
v2nmkz!0
m  
2
 jmj (19)
It contains terms of dierent dependences on !0. If !0 is larger, the electrons are more
localized around the z axis.
In order to estimate the !0 dependence of terms in E
cyl, we introduce the following
function
~Rnjm  
2
j(X) = X
jm  2 j
2 L
jm  
2
j
n+jm  
2
j(X)e
 X
2 (20)
which is related to Rnjm  
2
j() as Rnjm  
2
j() =
q
2m!0n!
[ (n+jm  
2
j+1)]3
~Rnjm  
2
j(X), where X =
m!02.
Using ~Rnjm  
2
j(X), two integrals in Eq. (19) are rewritten asZ 1
0
dR2njm  
2
j() =
p
m!0n!
R1
0
dXp
X
~R2njm  
2
j(X)
[ (n+ jm  
2
j+ 1)]3 (21)
and Z 1
0
d

R2njm  
2
j() =
m!0n!
R1
0
dX
X
~R2njm  
2
j(X)
[ (n+ jm  
2
j+ 1)]3 : (22)
The value of  should be optimized to minimize Ecyl under the condition, Eem > 0.
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The above integrals indicate that Ecyl becomes negative for a suciently small value of
!0 since the positive terms scale as !0 and the negative one scales as
p
!0. This means that
'anmkz and '
b
n m kz pairing becomes more stable than the original BCS type pairing 'nmkz"
and 'bn m kz# if the spin-twisting circular current region is suciently spread.
We may regard that the particle number N projection from jgBCScyli gives the wave
function of the system given in Eq. (1). If  is even, the winding number of 0 around the
z axis is even; then, the winding number of  around the z axis must be odd. This means
that a nontrivial whole system motion is generated by the phase factor e 
i
2
PN
=1 (r
()).
Now, we add a uniform magnetic eld in the z direction. In order to include the magnetic
eld B, we adopt the symmetric vector potential given by Aem =
  B
2
y; B
2
x; 0

.
The free electron with eective mass m in the magnetic eld is given by
Hcylmag =  
1
2m

@2
@2
+
1

@
@
+
1
2
@2
@2
+
@2
@z2

+
1
8
m!2c
2 +
!c
2i
@
@
: (23)
Thus, the magnetic eld generates the quadratic conning potential with !0 =
1
2
!c =
1
2
q
eB
mc , where !c is the cyclotron angular frequency.
We add the pairing interaction, and take the term !c
2i
@
@
as a perturbation. Then, the
zeroth order wave function is given as the BCS-type state vector jgBCScyli in Eq. (18) with
replacing !0 by
1
2
!c =
1
2
q
eB
mc . We also add the Rashba interaction as a perturbation. The
energy increase by the perturbations is given as a formula in Eq. (19) with an additional
contribution from the term !c
2i
@
@
. The added term gives a contribution that scales as !c.
Due to the Rashba interaction contribution that scales as
p
!c, the energy increase becomes
negative in a suciently weak magnetic eld, thus, the spin-twisting itinerant motion of
electrons is stabilized.
When  is an even number, nontrivial  is realized since the winding number of  around
the z axis must be odd. The nontrivial  generates a loop current forced to ow by the single-
valued requirement of the wave function. Since the central position of the spin-twisting is
arbitrary, the spin-twisting itinerant motion of electrons may occur at dierent places by
shifting central positions, simultaneously. If this happens, it gives rise to a distribution of
stable eddy currents in an analogous manner observed in the Abrikosov vortex system [27].
A macroscopic supercurrent will be generated as a collection of them. The present work
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suggests that upon an application of an external magnetic eld, a distribution of stable eddy
currents generated by nontrivial  appears and gives rise to the Meissner eect.
In conclusion, we have shown that the new supercurrent generation mechanism by the
spin-twisting itinerant motion of electrons is applicable to the BCS superconductor by adding
the Rashba spin-orbit interaction to the BCS theory. It is eective even for a weak Rashba
interaction if the magnetic eld is suciently weak. This supercurrent generation mecha-
nism conserves the particle number. The BCS-type state vector is used only to facilitate
calculations involving the electron pairing.
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